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§ 9-1 Introduction  
1. Mixing of real gases: 

T↑,  P↓, ⇒  Ideal gas mixture. 
2. Condensed phases (Liquid or Solid solution) 
l Strong interaction between atoms. 
l Solid solubility depends on: 1) atomic size ratio 
                           2) electronegativity 
                           3) e/a ratio (valence) 

 
 

§ 9-2 Raoult’s Law and Henry’s Law  
1. Pure A liquid (solid)  

At temperature T, saturated vapor pressure : p o
A  

Rate of evaporation :  re (A)  

Condensation rate : r c (A) = k p o
A  

At equilibrium : r e (A) = r c (A) = k p o
A  

2. Pure B liquid or solid:  r e (B) = r c (B) = k '  p o
B  

3. Liquid + small amount of B 
At T, saturated vapor pressure :  p A ,  p B  

Condensation rate of A, B : r c (A) = k p A  ,   rc (B) = k '  p B  

Assumptions:＊ evaporation of A, B are independent of composition.  
i.e. same bond energy: E AA =E BB =E AB  (ideal case) 

＊ surface composition = bulk composition 
           ＊ Fraction of surface occupied by A =X A  
           Evaporation rate of A: r e (A)．X A  
 At equilibrium : r e (A)．X A = r c (A)= k p A  

            ∴k p o
A．X A = k p A  

 ∴ Laws'Raoult
pXp

pXp
o
BBB

o
AAA   ⇒







=

=  

4. If E AB  is more negative, and A (solute) in B (solvent), A is surrounded by B  



⇒ r e (A) → r '
e (A)  

   ∴ r '
e (A) ＜ r e (A) 

   ∴ r '
e (A)．X A  = r c (A) = k p A  

∴ 
)(

)('

Ar
XAr

e

Ae ⋅
= o

A

A

pk
pk
 
 

 

∴ p A =
)(
)('

Ar
Ar

e

e ．X A． p o
A  

∴ p A = γ A．X A． p o
A    (eq.1) 

                                ⇒ Henry’s Law 
p B = γ B．X B． p o

B     (eq.2) 

 
  γ A＜1 and indep. of comp.  γ A = constant 

      γ B＜1 and indep. of comp.  γ B = constant 

 
l When X A↑; at same point,  A is not only surrounded by B, then   

r '
e (A) varies with composition  

∴ γ A  is not a constant (it depends on composition) 

l (eq.1) is obeyed only over an initial range of concentration of A dissolved in B 
l (eq.2) is obeyed only over an initial range of concentration of B dissolved in A 
∵ γ A＜1,  γ B＜1  ⇔  negative deviation 

l If E AB  is less negative, then r '
e (A) ＞r e (A)  

    ∴ 
)(
)('

Ar
Ar

e

e = γ A＞1  ⇔  positive deviation. 

 

§ 9-3 Activity of a component in solution 

  a i o
i

i

f
f

≡  

  If the vapor is ideal gas,  f i =p i  

 ∴ a i = o
i

i

p
p

 

 ∴Raoult’s Law    



 p A = X A．p o
A  ,   aA = XA  

              p B =X B．p o
B  ,   a B =X B  

 
 ∴Raoult’s Law:  a i =X i , γ i =1 

 
   Henry’s Law    p A = γ A．X A．p o

A ,  a A = γ A．X A  
                 p B = γ B．X B．p o

B ,  a B = γ B．X B  
 ∴ Henry’s Law:  a i = γ i X i  γ i≠1 
                and γ i  is a constant, indep. of composition. 

 
 

§ 9-4 Gibbs-Duhem Equation  

 In a solution: ( n i + n j + n k +… … … ) 

 ∴Q′ =Q′ ( T, P, ni , n j , n k … … … ...),  at constant T, P : 

d Q′ = ⋅⋅⋅⋅⋅⋅⋅⋅+⋅










∂
′∂

+⋅







∂

′∂
j

PTnj
i

nPTi

dn
n
Q

dn
n
Q

ij ,...,,......,, ,.

 

    ∵ iQ ≡
....n,P,Ti

j
n
Q









∂

′∂
,  Partial Molar Quantity 

∴d Q′  = iQ idn + jQ jdn + kQ kdn + … … … …  

∵Q′  = in iQ + jn jQ +… … … … … . 

∴d Q′ =( iQ idn + jQ jdn +… … … ..)+( in d iQ + jn d jQ +… … … ..) 

∴ in d iQ + jn d jQ +… … .= 0 

or 






=

=

∑
∑

0

0

ii

ii

QdX

Qdn
 ⇒ Gibbs–Duhem Eq.  

 
 

§ 9-5 Gibbs Free Energy of a Binary Solution  



1.   
2.   Molar Gibbs free energy: (G) 

Partial molar Gibbs free energy: ( AG  , BG  ) 

G′= An AG + Bn BG  

or  G= X A AG + X B BG   … … … .(1) 

∴ dG=( X A d AG + X B d BG )+( AG d X A + BG d X B ) 

∴ dG= AG d X A + BG d X B  

∵ X A + X B =1   d X A = - d X B  

∴ dG= AG d X A - BG d X A =( AG - BG )d X A  

∴
AdX

dG
= AG - BG  

 X B
AdX

dG
= X B AG - X B BG  … … … … (2) 

(1)+(2)   G+ X B
AdX

dG
= (X A + X B ) AG = AG  

 

∴   AG =G +( 1－X A )
AdX

dG
 

    BG =G +( 1－X B )
BdX

dG
 

 

2. MG∆ ( M
iG∆ ) : 

change in Gibbs Free Energy due to formation of solution  

* one mole pure i  ( p o
i )   ⇒     solution ( p i ) 

iG∆ = iG )solution( - iG )pure( = 







o
i

i

p
p

lnRT    

∴    iG∆ = ilnRT a    

 



  iG = iG ( )solution ,  o
iG = iG ( )pure  

  iG∆ = M
iG∆ = iG - o

iG  

∴   M
iG∆ = iG - o

iG  = ilnRT a   

 
   * ( An + Bn )  at constant T , P 

   Before mixing ,  '
beforeG = o

BB
o
AA GnGn +  

After mixing ,    '
afterG = An AG + Bn BG  

M'G∆  =( An AG + Bn BG )－( o
BB

o
AA GnGn + ) 

     = An ( AG - o
AG )+ Bn ( BG - o

BG ) 

M'G∆ = An ∆
M

AG + Bn ∆
M

BG  

or M'G∆ =RT( An ln aA + Bn ln aB) 
Total one mole:  X A + X B =1 

MG∆ =X A ∆
M

AG + X A ∆
M

BG  

      or MG∆ = RT( AX ln aA + BX  ln Ba ) 

 

3. Method of Tangential Intercept (圖解法求 ∆
M

AG , ∆
M

BG ) 

Given MG∆ ( BX )      ⇒       solve ∆
M

AG  and ∆
M

BG  

Θ   AG =G +(1- AX )
AdX

dG
 

       BG =G +(1- BX )
BdX

dG
 

 ∴     ∆ AG = MG∆ +(1- AX )
A

M

dX
Gd∆

… … … … (1) 

     ∆ BG = MG∆ +(1- BX )
B

M

dX
Gd∆

… … … … (2) 

      Given MG∆ ( BX ),  Fig . 9-1 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

At composition BX = o
BX =op , MG∆ =－pq=－uw 

    Tangent at q , slope =
B

M

dX
Gd∆

=
rq
rs

=
qw
vw

 

    From (2)  ∆ BG =－pq + (1- o
BX )

qw
vw

=－uw + qw
qw
vw

=－uw + vw 

                 =－(uw－vw)= －uv 
                 = tangential intercept at BX =1 

    From (1)  ∆ AG =－pq+(1- o
AX )

A

M

dX
Gd∆

=－pq － o
BX

B

M

dX
Gd∆

 

                   =－pq－rq
rq
rs

=－(pq + rs) =－(or+rs)=－os 

                   = tangential intercept at AX =1, ( BX =0) 

 
 

§9-6 Properties of Ideal Solution  
1. Ideal solution ( Raoultian Solution )  
     a i =X i   γ i =1 

    ∴ id,MG∆ = RT( AX ln AX + BX  ln BX ) 

       
idM

AG
,

∆ = RT ln AX  

       
idM

BG
,

∆ = RT ln BX  



2. id,MV∆ =0 , id,M
iV∆ =0 , ( iV =V o

i ) 

 Θ
comp,TP

G








∂
∂

=V ,      ∴
comp,T

i

P
G





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


∂

∂
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( )
comp,T

o
ii

P
GG









∂
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∴ = ( iV -V o
i ) 

i.e. 
comp,T

M

i

P
G













∂
∆∂

= ∆ iV M  

Θ  
M

iG∆ = RT ln ia = RT ln iX  

∴ ∆ iV M =0  ,  i .e.  iV =V o
i  

∴ id,MV∆ =∑ iX ∆ iV M = X A

M

AV∆ + X B

M

BV∆ =0  

3. id,MH∆ =0 ,  
id,M

iH∆ =0    ( iH  = o
iH ) 

Θ  
( )

comp,P
T

T/G













∂
∂ =－ 2T

H
 

     

    ∴  
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i

T
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∂

∂
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o
ii

compP

o
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∴  
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T
T/G ∆
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
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Θ  =∆
M

iG RT ln ia = RT ln Xi 

∴  
( )

comp,P

i

T
XlnR







∂
∂

= 0 



    0H
M

i =∆ ,   ( iH  = o
iH ) 

    0HXH
M

ii
id,M =∆=∆∴ ∑  

4.   id,MS∆ =－R( AA XlnX + BB XlnX ) 

     
id,M

iS∆ =－R ln iX  

    Θ  
comp,PT

G








∂
∂

=－S      
( )

comp,P

M

T
G









∂
∆∂

=－ MS∆  

    Θ id,MG∆ =RT∑ ii XlnX =RT( AA XlnX + BB XlnX )  

  ∴  id,MS∆ =－R∑ ii XlnX =－R( AA XlnX + BB XlnX )  

 又Θ MS∆ =∑ M

ii SX ∆ =(
M

AA SX ∆ +
M

BB SX ∆ )  

   ∴   id,M
AS∆ =－R ln X A    ,  id,M

BS∆ =－R ln X B  

 

Notes: (1) id,MS∆  is indep. of temperature 
     (2) id,MS∆  is the entropy increase due to configurational ent ropy change 

   ⊗ consider: (N A  A  atoms + N B  B atoms ) 

        '
.confS∆∴ =

( )
!N!N

!NN
lnk

BA

BA +
 

               =k ( )[ ]!Nln!Nln!NNln BABA −−+  
               =k ( ) ( ) ( )[ ]BABABA NNNNlnNN +−++  

－(N A ln N A－N A )－(N B ln N B－N B ) 

               =－k 















+

+



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
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B
B

BA

A
A NN

N
lnN

NN
N

lnN  

        Θ  
BA

A

NN
N
+

=X A    ,   
BA

B

NN
N
+

=X B  

     '
.confS∆∴ =－k ( )[ ] ( )

n
N

NN
XXXXNN

O

BA
BBAABA =

+
++         lnln Θ  

     '
.confS∆∴ =－nN o k ( AA XlnX + BB XlnX )=－nR( AA XX ln + BB XlnX ) 

     one mole .confS∆∴ =－R( AA XlnX + BB XlnX ) = id,MS∆  



 

§ 9-7 Nonideal solution 

  Activity coefficient: γ i =
i

i

X
a

 

  γ i =1  , ideal solution   
  γ 1≠i   , nonideal solution  γ i ＞ 1  : positive deviation 
                         γ i ＜ 1  : negative deviation 

 

 Θ  
( )

Comp,P

M

i

T
T/G













∂
∆∂

= 2

M

i

T
H∆−

 

M

iG∆ = RT ln a i = RT (ln γ i + ln X i ) 

=







T
1

d 2T
dT−

 

∴
( )

( )
Comp,P

M

i

T/1
T/G













∂
∆∂

=
M

iH∆  

   ∴   
( )

( ) Comp,P

i

T/1
lnR









∂

γ∂
=

M

iH∆    

Notes : (1) If iγ  = constant (indep. of T) , 
M

iH∆ =0 

         If iγ (T)  
M

iH∆ ≠ 0 

      (2) T↑  ⇒  Nonideal solution→  ideal solution ( iγ →  1 ) 
      (3) ⊗  Positive deviation :  γ i＞1  

        when T↑ ,  







T
1 ↓  ⇒  γ i →1,   ∴  iγ ↓    

 ∴  





 γ

dT
d i  < 0 

∴
M

iH∆  =
( )

( ) Comp,P

i

T/1
lnR









∂

γ∂
> 0   

∴  Mixing process is endothermic.  
    ⊗ negative deviation : γ i＜ 1        









 γ

dT
d i >0,   

M

iH∆ < 0  

∴  Mixing process is exothermic. 

 (4) ⊗  Positive deviation : γ i＞1 , 





 γ

dT
d i < 0 

          endothermic : 
M

iH∆ > 0 

          i.e. A-B bond energy is less negative  
          ∴  E AA  ,  E BB  more negative ⇒  clustering    

    ⊗ negative deviation : γ i＜1  , 
M

iH∆ < 0, 





 γ

dT
d i >0 

        A-B bond energy is more negative    
       ⇒ ordering , (formation of compound) 

 
 

§ 9-8 Applications of Gibbs-Duhem Equation  
1. Given )X( BBa ,  calculate a A  

l In a binary solution , usually only activity of one component is measured , the 
other can be calculated. 

  ∑ = 0QdX ii  

  X A d
M

AG∆ + X B d
M

BG∆ =0 ,   
M

iG∆ =RT ln a 

∴  XA d ln Aa + XB d ln Ba =0 

        d ln Aa =－
A

B

X
X

 d ln Ba   

  ∴  ln Aa (at X A )=－ ∫ ==







AB

BAB

Xat

XXat
A

B

X
X aln

0 aln ,1

d ln Ba ,  Fig . 9-2 

 
  
 
 
 
 
 
 



 
 

Note:    (1) X B →1, 








A

B

X
X

∞→ ,  a B →1  ∴ ln a B →0 

          (2) X B →0, 








A

B

X
X

→0, a B →0 ∴ ln a B →－∞  , －ln a B →+ ∞  

∴  two tails exist ⇒ error in integrated area ⇒ eliminate tail error by using ? B   
 Θ  X A + X B =1 

dX A + dX B =0 

X A
A

A

X
dX

+ X B
B

B

X
dX

=0 

 ∴  X A d ln X A + X B d ln X B =0 
 Θ  X A d ln a A + X B d ln a B =0 

(X A d lnγ A + X B d lnγ B ) +( X A d ln X A + X B d ln X B )=0 
      ∴(X A d lnγ A + X B d lnγ B ) = 0 

        d lnγ A  = － 








B

A

X
X

 d lnγ B  

         ∴  lnγ A (at X A )=－ B

Xatrln

0XXatrln
A

B lnd
X
XAB

B,1AB

γ







∫ ==

   

when X B →0, 








A

B

X
X

→0, γ B →constant,  lnγ B →constant,  Fig . 9-3. 

 



l The 2nd  tail is eliminated by α -function 

Define    iα ≡ ( )2
i

i

X1
ln
−

γ
 

When X B →1, γ B →1, lnγ B →0 and (1-X B )→0 ⇒ Bα  is finite . 
          ∴G?iven Bα  ⇒   calculate  γ A , Aa   

    Θ  Bα = 2
A

B

X
ln γ

 

    ∴  ln Bγ = Bα X 2
A               

     
d Bln γ =2 Bα  X A d X A + X 2

A d Bα  

 ∴  d Aln γ =－ 








A

B

X
X

d Bln γ  

     =－ 








A

B

X
X

( 2 Bα  X A d X A + X 2
A d Bα  ) 

     =－2 X B Bα d X A－X B  X A d Bα  

 ∴   Aln γ  =－ ∫ =

A

A

X

X 1
2 X B Bα d X A－ ∫

=

B

AB Xat

α

α 1

 X B X A d Bα  

Θ ( )∫ ∫ ∫+= xdyydxxyd  

⇒  ( ) ( )∫ ∫ ∫ α−α= ABBBABBAB XXdXXddXXX  

⇒  Aln γ =－ ∫ 2 X B Bα d X A－[ ( )∫ αBABXXd - ( )∫ α BAB XXd ] 

      =－ ∫ 2 X B Bα d X A－ ( )∫ αBABXXd + ( )∫ α BAB XXd  

      =－ ∫ 2 X B Bα d X A－ X B X A Bα + AAB dXX∫α + BAB dXX∫α    

 ∴ Aln γ =－ ∫ 2 X B Bα d X A－X B X A Bα + ABB dXX∫α － AAB dXX∫α  

 

    =－X B X A Bα － ( ) AABBBBB dXXXX .2∫ +− ααα  

    =－X B X A Bα － ( ) ABABB dXXXX2∫ α+−  

∴  Aln γ =－X B X A Bα － ∫ =
αA

A

X

1X ABdX  



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
Ex 1:   Fe-Ni alloy  ( Niγ < 1)  T = 1600℃ 
  a Ni (X Ni )    is measured  Fig . 9.4 
  γ Ni ( X Ni )   can be calculated  Fig . 9.5 

  








Fe

Ni

X
X

 v.s.  log γ Ni     Fig. 9.6 

  Niα (X Fe )               Fig. 9.7    calculate  Feγ  

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Ex 2 :  Fe-Cu alloy  ( Cuγ > 1)  T=1550℃ 
  a Cu (X Cu )    is  measured  Fig . 9.8 
  γ Cu (X Cu )   can be calculated  Fig . 9.9 

  








Fe

Cu

X
X

 v.s.  log γ Cu     Fig . 9.10 

  Cuα (X Fe )              Fig . 9.11   calculate  Feγ  

 
2. solute B obeys Henry’s Law ⇔   solvent A obeys Raoult’s Law 
  =Ba Bγ BX ,  Bγ =constant           =Aa AX  
  proof:  Θ  =Ba Bγ BX  
         ∴  ln =Ba ln Bγ + ln BX  

      ∴  d ln =Ba d ln BX  

Gibbs-Duhem eq.  d ln Aa =－(
A

B

X
X

) d ln Ba  

∴  d ln Aa =－
A

B

X
X

d ln BX  

        =－
A

B

X
X

B

B

X
dX

 

        =－
A

B

X
dX

 

        =
A

A

X
dX

 

        = d ln AX  
∴  ln Aa = ln X A +c '  
   Aa  = c X A  
But  X A =1 (pure material )   

Aa =1 , c=1 

Aa =X A  (Raoult’s Law) 

 
3. Given Aa (X A ),  calculate MG∆  

M

AG∆ = MG∆ +X B
A

M

dX
Gd∆

 

2
B

A

M

A

X
dXG∆

= 2
B

M
BB

M

X
GdXdXG ∆+∆−

=d 






 ∆

B

M

X
G

 








 ∆

B

M

X
G

= ∫
AX

0 2
B

A

M

A

X
dXG∆

  … … … .Eq(1) 



M

AG∆ = RT ln a A  

MG∆  =RT X B ∫
AX

0 2
B

AA

X

dXln a
… … … ..Eq(2) 

 
Ex 1: Fe-Ni alloy Nia  measured 

MG∆  = RT X Fe ∫
NiX

0 2
Fe

NiNi

X
dXln a

 

Ex 2: Fe-Cu alloy 

MG∆  = RT X Fe ∫
CuX

0 2
Fe

CuCu

X
dXln a

 

Fig. 9-12,  Fig. 9-13 
 

Notes:  

1. when iX →0 
( ) 









− 2
i

i

X1
ln a →－∞    ∴error exists 

2. For ideal solution : ii X=a  



MG∆  =RT(1－X i ) ∫
iX

0 ( )2
i

i

X1

Xln

−
dX i  

 = RT(1－X i ) ( )
( )








−+

− i
i

ii X1ln
X1
XlnX

 

=RT ( ) ( )[ ]iiii X1lnX1XlnX −−+  

 
 
3. Eq.(1) can be used for any extensive properties 

     B
M XH =∆ A

X

0 2
B

M

A dX
X
HA

∫
∆

 

     B
M XS =∆ A

X

0 2
B

M

A dX
X
SA

∫
∆

 

4. XSG∆ =RT BX A

X

0 2
B

A dX
X
lnA

∫
γ

 

when X i →0, .consti →γ   

∴  
( )2

i

i

X1

ln

−

γ
 is finite 

MG∆ = idMG ,∆ + XSG∆ ,  error can be eliminated. 

idMG ,∆ =RT(X A lnX A + X B lnX B ) 

 
 

§ 9-9 Regular Solution  

1.  Ideal solution :   ia =X i      
M

iH∆  =0   

                  iγ =1       i

M

i XlnRS −=∆  

 Nonideal solution :   ia ≠ X i      
M

iH∆  ≠ 0   

                   iγ ≠ 1        

2.  The Simplist Mathematical Form of a nonideal solution is “Regular solution”. 
 



 ⊗  Definition    

(1) i

id,M

i

M

i XlnRSS −=∆=∆  

              (2) 
M

iH∆ is a function of composition only. It is indep. of  T. 

Consider that:  XA→0,  XB→0, then ΔHM→0 
             Since ΔHM is a function of composition only, ΔHM (XB). 
             ΔHM = XAXB(α’+bXB+cXB

2+dXB
3+… ..) 

    ∴ The simplest mathematical form of regular solution isΔHM =α’XAXB 

 If           RT ln γ B = 2
A

'Xα  

             RT ln γ A = 2
B

'Xα ,     'α  is constant 

     From eq(9.61)  lnγ A =－ BBAXX α － A

X

1X BdXA

A
∫ =

α  

                If Bα  is indep. of composition  
        ⇒  ln γ A =－ BBAXX α － Bα ( AX -1) 

                      =－ BBAXX α + Bα BX      
                      = Bα BX (1－ AX ) 

            = Bα 2
BX  

By definition: Aα = 2
B

A

X
lnγ

 

∴ Bα = Aα =α  

If  RT lnγ A = 2
B

'Xα  

⇒  α =
RT

'α
 

i.e. α  function is an inverse function of temperature for the simplest regular 
solution  

 
3. Excess Quantity  

Θ  iG∆ =RT ln ia =RT ln iγ + RT ln X i  

∴  iG∆ =
id

iG∆ +
xs

iG∆  

or  G= xsid GG +   (one mole)   ,   MG∆ = id,MG∆  + xsG  
 



MG∆ = MH∆ -T MS∆  
  ideal solution : id,MH∆ =0 , id,MG∆ =－T id,MS∆  
  ∴  xsG = MG∆ － id,MG∆  
      =( MH∆ －T MS∆ )－(－T id,MS∆ ) 

 = MH∆ －T( MS∆ － id,MS∆ ) 

 since for a regular solution MS∆ = id,MS∆  
  ⇒  xsG = MH∆  

MG∆  =
M

ii GX ∆∑ =X A  (RT ln a A + RT ln a B ) 

MG∆  =RT( X A ln X A + X B ln X B )+RT(X A lnγ A + X B lnγ B ) 
Θ  id,MG∆ = RT( X A ln X A + X B ln X B ) 

∴  xsG = RT(X A lnγ A + X B lnγ B ) 

∴  xsG = X A

XS

AG + X B

XS

BG  

  For the simplest regular solution: Bα = Aα =α  

⇒  lnγ A = 2
BXα ,  lnγ B = 2

AXα  

⇒ xsG =RT( X A
2
BXα + X B

2
AXα ) 

         = α RT X A X B = α '  X A X B  

   

For the simplest regular solution: 
xsG = MH∆ =α RT X A X B =α '  X A X B  
xsG = MH∆  is indep. of T 

 

 
comp,P

xs

T
G









∂

∂
=－S xs = 0 

at a fixed composition 

xs

AG =RT 1  ln )T(A 1
γ = RT 2 ln )T(A 2

γ =α ' X 2
B  

∴  
)T(B

)T(A

1

2

ln

ln

γ

γ
=

2

1

T
T

 

  Notes : (1) For the simplest regular solution  
          xsG = MH∆ =α RT X A X B =α '  X A X B  

       ∴  α T is indep. of  T 
        (2) If MH∆ =b X A X B ,  xsG =b ' X A X B ,  b 'b≠  



        ⇒ MS∆ ≠ id,MS∆   
        ⇒  Nonregular 

  e.g. (1) Au-Cu, 1550K  xsG =－24060 X Cu X Au  

                       MH∆  is asymmertric  ⇒  S xs 0≠  
 

      (2) Au-Ag, 1350K  MH∆ =－20590 X Ag X Au  

                       xsG   is asymmertric  ⇒  S xs 0≠  
 

 

§ 9-10 Statistical (Quasi-chemical) Model of 

Solution 
l Physical significance of a regular solution  

l Assumptions : AV = O
AV = O

BV = BV , MV∆ =0 

∴  Energy of solution ⇔ sum of interatomic bond energies. 
Consider : ( AN  A atoms +  BN  B atoms ) 

AN + BN = oN   ( 1 mole) 

    ⇒  AX =
BA

A

NN
N
+

=
o

A

N
N

, BX =
o

B

N
N

 

∴    E= AAAAEP + BBBBEP + ABABEP  

AAE , BBE , ABE  are bond energies of A-A ,B-B, A-B,  respectively.  

AAP , BBP , ABP   are bond numbers of A-A ,B-B, A-B,  respectively.  
        AN Z= ABP +2 AAP  

 ∴     AAP =
2
1

( AN Z- ABP ),  similarly BBP =
2
1

( BN Z- ABP ) 

∴    E = 
2
1

AN Z AAE +
2
1

Z BN BBE + ABP [ ABE -
2
1

( AAE + BBE )] 

For pure AN  A atoms : AN Z=2 AAP  
Pure BN  B atoms:  Z BN =2 BBP  

  Before mixing : Eo =
2
1

AN Z AAE +
2
1

Z BN BBE  

ME∆ =E- E o = ABP [ ABE -
2
1

( AAE + BBE )] 

  Θ  MH∆ = ME∆ +P MV∆ = ME∆   ( MV∆ =0) 



∴  MH∆ = ME∆ = ABP [ ABE -
2
1

( AAE + BBE )] 

   For solutions which exhibit relatively small deviations from ideal behavior, 

   i.e. MH∆ ≤  RT 

  ∴  mixing of atoms can be assumed to be random 

ABP  can be calculated . 
Consider two neighboring lattice sites α β  

 Probability that   α occupied by A and      
                 β  occupied by B     AX BX  

 Probability that   α occupied by B and     
                 β  occupied by A     BX AX  
 ∴  Probability that a neighboring pair of sites contains A-B pair is 2 AX BX  

 ∴  (number of A-B bonds)=( number of neighboring pair of sites)×( Probability 
of A-B pair) 

∴  ABP =(
2
1

ZN o )× (2 AX BX )= ZN o AX BX  

i.e. MH∆ = ZN o AX BX [ ABE -
2
1

( AAE + BBE )] 

define Ω ≡ ZN o [ ABE -
2
1

( AAE + BBE )] 

 ⇒ MH∆ =Ω AX BX  

Since random mixing is assumed, statistical model ⇔ regular solution model  
∴ MH∆ = xsG =Ω AX BX =RTα AX BX  

⇒ α =
RT
Ω

   i.e. Ω='α  

Θ  
M

AH∆ = MH∆ +(1- AX )
A

M

dX
Hd∆

 

            =Ω AX BX + BX Ω ( BX - AX )=Ω X 2
B  

similarly, 
M

BH∆ =Ω X 2
A  

Θ  Mixing is random ∴  
M

AS∆ =－R ln AX  

                         
M

BS∆ =－R ln BX  

 

  ∴  
M

AG∆ =
M

AH∆ －T
M

AS∆  



           =Ω X 2
B +RT ln AX           

But   
M

AG∆ = RT ln Aa  = RT ln Aγ  + RT ln AX           

⇒  RT ln Aγ =Ω X 2
B  

⇒  ln Aγ =
RT
Ω

 X 2
B =α X 2

B ,  similarly  ln Bγ =
RT
Ω

 X 2
A =α X 2

A  

 Note: (1) Ideal solution , 

        MH∆ = 0 , i.e. Ω =0 , ABE =
2
1

( AAE + BBE ) 

     (2) Negative deviation 

        MH∆ <0 , i.e.  Ω <0 ,   ABE >
2
1

( AAE + BBE ),  iγ <1 

     (3) Positive deviation  

      MH∆ > 0 , i.e. Ω > 0 , ABE <
2
1

( AAE + BBE ),  iγ >1 

     (4) Henry’s Law : BX →1  AX →0      

      ln Aγ →  ln o
Aγ =

RT
Ω

   or o
Aγ = RTe

Ω

 

     (5) when  ABE  is significantly greater or less than 
2
1

AAE + BBE    

          ⇒ Ω  increases     

⇒ Random mixing cannot be assumed. 
⇒ Applicability of statistical model decreases . 

     (6) Equilibrium configuration of a solution at constant T,  P ⇔  G=G min  
       Θ  G = H－TS  ∴  G min ⇔ H min and S max   

   ⊗ If  ABE >
2
1

AAE + BBE    (Negative deviation)           

        Ω <0,  MH∆ <0,  H<0 
        H min ⇔ ABP → ( ABP ) max  

  i.e. Ω  increases ⇒  ABP  increases  (ordering) 

   ⊗  If  S →S max , completely random mixing  

      T  increases ⇒ (TS) ↑ ⇒  G↓  
    ∴   G →G min  is compromised between Ω  and  T 

    ∴  when T is not too high and Ω is appreciably negative  
  ⇒  ABP > ABP (random)  

⇒  Assumption of random mixing is not valid  



    ⊗  For a given Ω : T ↑  ⇒ more nearly random mixing  

        For a given T : Ω ↓  ⇒  more nearly random mixing      

                                   

   ⊗  only when MH∆ =0 , random configuration is the equilibrium  
 i.e. MG∆ = MG∆ min (random)  

   ⊗  At constant T, as Ω ↑ ⇒  G∆ M
min  moves far away from random 

          if MH∆ <0 , G∆ M
min  →ordered 

          if MH∆ >0 , G∆ M
min  →clustered 

   ⊗ At constant Ω ,  as T↑ ⇒     MST∆ ↑  

           ⇒ G∆ M
min  moves toward center (random) 

 
 

§ 9-11 Subregular Solution  
⊗  Simplest regular solution : 

      Ω  = 'α =
RT
α

= ZN o [ ABE -
2
1

( AAE + BBE )]=constant 

      and  xsG = MH∆ =α ' X A X B  =Ω X A X B  
∴  parabolic function , symmetric about AX = BX =0.5  

⊗  Subregular Solution  
xsG = MH∆ =(a+b BX ) X A X B  

 constants a, b have no physical meaning, they are parameters adjusted to fit 
equation to experimentally measured data  

  e.g.  Ag-Au  at T=1350 K 
       data fitting  a=－11320 J  , b=1940 J 

⊗  Non-regular Solution 
   xsG  is a function of X B , T 
   MH∆  is also a function of X B , T 

   MS∆ ≠ id,MS∆  (S xs ≠ 0) 

    e.g. xsG =(a o +b o BX ) X A X B 





 −

τ
T

1  

    ∴  S xs =－ 







∂

∂
T

Gxs

=
( )

τ
BABoo XXXba +

 

    MH∆ = xsG +T S xs =(a o +b o BX ) X A X B  



 

EX1.  Cu-Au solid solution at T=600 Co =873 K 

      Solution is regular with xsG =－28280 AuX CuX  J 

      For pure Cu and Au  

      ln o
Cup (atm)=－

T
40920
－0.86 ln T+21.67 

      ln o
Aup (atm)=－

T
45650
－0.306 ln T+10.81 

      calculate Cup  and Aup  over Cu-Au solid solution at CuX =0.6, T=873 K 

Sol: Θ Regular solution  ∴ Ω =－28280 J 

     ln Cuγ = 2
AuX

RT
Ω

,   ln Auγ = 2
CuX

RT
Ω

 

   ∴  Cuγ =0.536  ,  Auγ =0.246 
   ∴  =Cua Cuγ CuX =0.322   
      =Aua Auγ AuX =0.098 

   By definition: 

      Cua ≡ o
Cu

Cu

p
p

 

      Aua ≡ o
Au

Au

p
p

 

    at T=873 K  o
Cup =3.35×10 14− atm 

               o
Aup =1.52×10 16− atm 

 ∴  Cup =1.08 ×10 14− atm 

      Aup =1.50× 10 16− atm 

 EX2.  Ga-Cd Liquid solution at T=700K 
         Regular solution , 5.0XGa =   Gaa =0.79 

         Ga,evapH∆ =270,000 J/mole   GaZ =11 

         Cd,evapH∆ =100,000 J/mole   CdZ =8 

         Calculate CdGaE − =? 



  Sol:  Θ  Gaγ =
Ga

Ga

X
a

=1.59 

        ln Gaγ = 2
CdX

RT
Ω

 

        ∴  Ω =10795 J/mole  

        Ω = ZN o [ CdGaE − － 2
1

( GaGaE − + CdCdE − )] 

       Θ  liquid Ga : Ga,evapH∆ ≅－
2
1

GaZ  N o GaGaE −  

          liquid Cd : Cd,evapH∆ ≅－
2
1

CdZ  N o CdCdE −  

        ∴  GaGaE − =－8.15×10 20−  J 

           CdCdE − =－4.15×10 20−  J 

       Assume : Ga-Cd liquid  Z=
2
1 ( )CdGa ZZ + =9.5 

       ∴ CdGaE − =－5.96×10 20−  J 

 
 
 
 


